R | Treliminaries

L1 Fasctors

Definrkion :

Let A.B be %wo sefs . A function ‘frbm A 4o B is a subset of £<AxB
Such “that for all aeh , there exsts urique beB such that (abdef.

We. usw((:a dencte it L:g -f:A—»‘B. K (a,b>ef ~then we write fe=b .

bomain o‘f 'f = b(f) = A
'Ravxsc, of f = 'Ref) = {be'B=(a,b)e-f fc« some ae AT B

IfESP\ , imase. o‘f E U\V\derf
= f(E) = {—f(—:oeB . xeE}

l‘f He® , ‘Freuvv\oﬁe of H u\vxder-f
=.f'kH)= laeh : fare H3

Exercise. :

D Let -f=A—>‘E~, . and let §.H €SB . Show -Hhat
@) FlanH) - fi@ n D
by f(quH) = Fi@ 0t

2) Let -f:Ps—b'B. Show -Hhat

a) A B

b) For all weA , fx1 < f"({‘-feo})

When do the ea(w:li'(:les in @ and & hold 2

Definrtion :
Let -f=A—>‘B.
- § is sdid 4o be in:)ecéive f
For all =, % e A with foo=Ffo , we have Haxa.

(Ecluivalevd:hé . =l -fdt {f&xﬂ) for all xeA )




. f is sad +to be s«mjecéive rf
fw all -ae'B . there exists xeBA such -that ft:oua
(Ectuivalewthg : ‘f(P\) =R

. f is Said to be bijec&ive rf

'f s beth lnjecﬂve. and Swjecﬂve.

Exevaise :

D Rove that f-.N—>N de_ﬁmel b-a -fcnn:.n is lv\Jed:ve but. NoT s-»:')ectlve.

(Remark : In this course . N={12.3, ...3)

2) Pve +that f;m —R defined b-a fc:oné s rjective .

lf -‘?:A—bB is bl_}ec(ﬁve . We can defivxe -f-'-'B—bA Such that fuf"'-B—»B and f'of=Ps—>A
are ]dew&&g maps._on R and A resFed:ivelcg (Think : (a.b> ef (f and onlg '«f b, ad ef".)

L2 Natuwz!l Numbers and Mathematical Induction

Set -theoretic 'Defiv\\'tlon cf Natural  Nuwmbers

Reﬁard o =4 emFI:S'SEE

I = fol =1{¢l1

2 ={o,11: {¢, {¢11}

3 = {o, .2} =[¢, {43, {4, {1}
n={o. 2. ... .n3

Wrth this cleflurbim,m‘nrfmisasa\eset ofn..

(Remark : In this cowse N={i2.3 ..})

FACT: “<” gves a Parual order cf N.
Ue“-OrdexiV\s Roperty of N
Evenanov\em‘sl'asubseh of N has a least element.

(For details |, refe_r 4o axiomatic set "U\eo%.)

Addrbion ( Pddrtional  axioms )




-n'\e.ov'em : (Wﬂr\emaﬁml dewcﬁon)
Let SN such that
1) 1 €S

2) For every keSS , we have k+teS.
Then S=N.

-
SuFPose SN, ie. NS is ncnemfl‘g_.

k)ell-orderina 'Fﬁv\ei?le , there exists meMN\S such that msx :fm- all xeN\S

Since €S and meMN\S , m camst be L.

T"\erzfove m-t (NeT r'ea.“a_ Subtraction , but the Previou\s one ) elN

m-lsm , Sso m-1€S |

'B-a aswn,s{-)ev\, metm-D+t €S  CContradiction )

. S=N.

Vavriation. :

et SN such that

D k,.eS

2) Fbr'evena_ keS , we have k+leS.
Then S={k., kett, keta, -3

=N~TL2, e ket d

Theorem : (S'{'rons Induction )
et SeN such that
1 1eS

2) F‘”e“e""& keN , if f1.2,-,k1 S , then kw1 eS.
Then S=N.




(2 Fintte and |vrfiv«-&e_ Sets

'Defwt-jov\:

+ The ewrF(:ra_ set iz said €o have O element .

- A set R is said 4o have n elements f trere exists a b'l’\)ecfiow FProwm
Na={2,--,nl onte S (dencted \o«a ISl=n) .

'ASEESISSa:cl-Eobeer&elfrt‘lse'rﬂr\a—eMF% orrblf\asvxelemewksfur

Some wnelN .,

* A set S is said 4o be infintte vf rt 1S NGT -finrke .

L.e.mma H

Let m.neN with m>n . Then there does net exist an iv:')ecl:iov\ ‘fvom Na ko Na .

prcf

[nduction on n . ('Re:fer +o Theovem R in [i1)

Un.lctue.v\es Theovem :

lf S s a.fmt('sa set , then -the number f elements cjz S s W\i?ue.
prcf

Claim - lf ISl:m and ISl=n., then m=n.

Suﬂ:ose ISl:m and ISl=n .

Theve exist b‘l‘)ectlov\s §=NW.—+S and 3=N.\—>S.

Then 3"e5:NM—+Nn i a bgec‘Eim ) Ima Hhe above lemma msn .
Siw\ilavla , :f-|°3’NVL""NM s a Bﬂec&iov\ and so mz2n.

m=n .



Lemma :

|f nelN , there does not exist an ‘xv:‘)ec‘:lov\ frwa N o N,.

P

Note Naw < N, lf there exists an iV\\')QChom f:N—*N“ s

“then -the resbriction :'HN s alse an 'M\')ect':m -frowx Naw  mte N (ConbracticEion) .

N
s, N

3.,

Direct covxseﬂwzv\ce of +the above lemma :
Theovem :

N s an ':v:fmr(:e set .

“Theovem :

“IAl=m . [Bl=n and AR :=¢ = [AUBl=mt+n
“IAl=m .Icl=1 and CsA = [A\Cl:=m-1

+ Cis wfmite and B ik fafe = C\R i infinite
'{woof: (Exercise)

Theovem :
SwFFose TES.
- S is frite > T is farke
- T s infiake > S is infiarce
P
Hirts : . Induction
C.ovd:mcros'rb'we cf the FJist  statement.



lw(:esers zZ .

Z con be defivxed s NxN/~ where Ca.b)~(c.d) |f o+d = c+b
(dea : a-b=c-d , but we do NoT have subsbaction so far!)

‘Ro‘»ﬁl« idea :

@)

o W) [ G :_(3,1) @.n

(dewts iv\% 'Foivv’cs on -he same ved line to be a sinjle 'Poiwb.
Think : How +to deﬁvxe susbraction on Z

Rational Nuvbers & :
Z Cuwrth standard + and x ) 1S a V"lV\ﬂ . & is cle.ﬁv\ecl 4o be the field sf

fvachonofz.

("Refer +o avua sStandad Njejom texthbook )

Countddle. Sets :

‘Defwuom

- A set S s sad 4o be COMEché 'mﬁn'\'(:e. :f there exists a Io‘ijecblov\ ‘Tf N onts S.
- A set S s said +to be cownstable |§ t s either jamr&e or cowx-ta‘ol'a infln’rte.

- A set S s sad 4o be uncowstzble § it i NOT cowatable .

Esmeles :

1) E = the set of all 'Posi-(-:ave aen number is cowd:aula_ ‘mfm'rte_.
(COV\S'ICle.Y‘ f= N—-E defneel Eé f(h) = QA )



2) Z s C‘.D\M(Talalg 'an'ree.
How o consbruct a b\i)e.d:?ovx :fvom N onoe Z 2

Hitt : | >0 ldea : Consbasction an alsovi-ﬁr\m +o ge -tl«vwgln all
2 > | elemerndts in Z one lota one
3 -
4 —> D
5> -2

(Exevcse : Wite down +the fwsctiovx 2><I>[ic‘r€:16 D)

EXQV'C'ISQ:

Prove. that

7)) lf A and B are both oowc(:alalca in“ﬁn?&e and AnB =¢ , then AUBR is also
wa‘:alolé lvfn'i'Ee.

b) lf A and B are bsta C'.wwealaha irﬁ'm‘r&e, then AUR is also mwrbablé lvfn‘r(:e.

(Us‘ma @ , AUR = (A\R) U (ANRYL(BAA) )

Theorem :
NxN is cow*a.ua ivrﬁh'\'te.

.(l.l) .0 (EW))

'Deﬁv\e f: NxN—N by

f(w\,v\) = Mﬂx}ﬂ'—@ “+m — m-th Poiv\'b on -tre line
m, N

Exevcise : Show +that f s b"jec&ive.
(and so f-l= N—N=N 1s bi‘)ecﬁve.) Number cf 'Foiwbs = nbn-D0men-3) 1"""‘1



“Theorem :

SWF‘FOSQ TsS.

- S is cowstable > T is cownrtable

- T & uncowskable = S is uncownrtable

preef

(Refer +o Theorews BA and B4 in [ )
Theorem B2
B AsN and A is infiite , there exsts a function :N—>A such that
PUn+n > Pud 2 1 For all neN . Moreover ¢ 1s a bijection of N onto A .
('Roo\sl«\ idea . {p armanges elemerts in A in ascemdinj order )
Theorem B.4

|f AsN , then A is cowrtable .

The vesdt lsJus(:a.@v\SecTwem:e. of ~theovem B.4

“Theorem :

The —fouomnjs are e;(wvalew!: CTERE) :

@ S is cownrtable .
(l:)-l'hereeds&aaaf)e::b’uoncf N orto S .

«©) Thereeosbanw\\')ect'«oncf S onbo N .

l&ea :
f:A-»N defiv\e:l bg -ﬁy\)-n (In)ed:’«cn)
A=fcAsiN
S H‘NnWN N
- R~ .
b’jecﬁon gN%A . %lf(»' f (SMr\jQCBOV\)
How o prove 2 Show that (a)

Y

(@) )
| S



Theorem :

Q s counbably nfinrte .

dea of proof

. f:NxN—»@"' defined bla fcm,nh-lgl\: is a surjection .

- NxN 1= cowchalalna inﬁnﬂ:e, lLe. there exists a b‘jecbion %=N—>an~l.
fo3=N—>®+ is a &nr\‘)ecbiovx.

@' is cowstable (ba the 'Frev‘iovs -“theorem )

Futhermove , N € & (Ba mﬂarclinﬂ n-%) which s infini“:.e

L@ s ‘:v\fln?be and so tt can cmla be Cowr(:abla ‘mﬁv\?te.

Q-Guilclo® , hence @ i also cowntably infinite .

_rl'\eomm ¢

If A,.. s a countable st fbr' ecach melN , then A==m(?l A,. 1s couwrtable .
_rwub\es H

D Some  Ai's are —frn'rte while.  Some. Aj's are 'mj?iv\‘rte

» A nAj may NST be em}rta

procf

For each melN ., et k?mzN—>A... be a swjecbiov\.

Then elefne f=N*N—>A ba 'f(m,v\.)=£f),,\(v0.
Check f s a swjechov\.

Futhermove . NxN is couﬁ('ﬁ.l:lg Mj%v\'rbe_.

Then , there exists a bgectiov\ gaN—vaN.

foﬁ:N—bA s a SNjchcm ond  the vesult -:Fo"ouos.




Theorem : (Carnbor’s Theorem )

f A s any seb . then “there exsts o surjection of A onto P® ,
where P® is the set of all subsets of A.

Think - B A={123, then PBY=1¢, {13, .03, 123}

Sort cf cleay r\? A is -fivx’rte.

proof
B A=¢  the statement & tevial (1§ A=¢  then PE)=ipl)
Bssume A s nov\enrlsba

Swﬂ»se 'LI,:A—VP(A) S a SWGecbolr\
Then P&mdemm(: aeh YR is o subset cfA,we etther have aev@ or a¢if@ .

Let D-{aeh: a,!'\/xm'} which is auao:w\ a subset uf A.
B'& Su\f\)ecb\/i'ba of Y . D=1jad For some o

Now , 2.€D or a.¢D

However, both cases Slve. corrbraction |

Consealwewoes :
DA %»'P(PO ;_)»'P(’P(PD) e ... larjer and Iarser
2) There e(sthwjecﬂonfrbm N _onto PN
- PON) is uncowatable  (Edastence cf uncowttalde set )



